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Abstract 
Our advancement in hydraulic fracturing has enabled us to produce shale formations 
economically. The formation stimulation is successful when the effective transport 
properties of the formation is improved significantly, which is achieved usually by 
creating multiple intersecting curved (complex) fractures in tight formations. The 
transport mechanisms are fundamentally different from those of high-permeable 
(conventional) formations since the fracture-matrix contact surface, which is often 
curved, is much larger. The difference between the transport properties of the matrix and 
the fractures is also more significant, in shales, which adds another complexity to this 
problem. 
 
Our main objective in this research is to determine the importance of a formation 
heterogeneity on the estimated ultimate recovery (EUR) of a shale formation. We 
determine the accuracy of the reduced model. We also analyze hydrocarbon production 
from shales with complex fractures based on the fracture cell model (Sakhaee-Pour and 
Wheeler, 2016). The fracture cell model accounts for the effects of multiple intersecting 
curved (complex) fractures on the transport properties. It takes different representations 
for the relative permeability and the capillary pressure of the matrix and the fracture. 
Further, we use a geostatistically representative model to account for the formation 
heterogeneity as it relates to the porosity, permeability, and capillary pressure. 
 
Our study shows that the capillarity heterogeneity plays a dominant role in estimated 
ultimate recovery (EUR) of shales, whereas the effects of permeability and porosity 
xi 
heterogeneity is less important. The local trapping caused by the capillary heterogeneity 
in all cases helped the pressure drop of the reservoir in early time and mitigate the 
cumulative oil production in later time.  
1 
Chapter 1: Introduction 
1.1 Problem Statement 
The heterogeneous character of the shale formation (Barnett Shale) leads to the less 
promising well performance from the traditional standard completion techniques 
(Daniels, et al. 2007). The reduction on hydrocarbon phase trapping that is caused by the 
capillary pressure and the wetting histories in the tight reservoir essentially enhances the 
relative permeability of hydrocarbons (Penny, Pursley and Clawson 2006). The pore 
radius becomes significantly important on capillarity-induced phase behavior change 
when it is on nanometers (Nojabaei, Johns and Chu 2013). 
 
The capillarity effect of multi-component tight oil reservoir currently has not been well 
understood due to the lack of representative phase behavior models in the ultra-low 
permeability scenario (Zhang, et al. 2016). The presence of the capillary pressure in some 
wettability situations could be the driven force. When it comes with the tight reservoir 
with heterogeneous petrophysical properties, all other issues, such as the pore throat and 
adsorption/desorption, leads to the extra challenges of estimating the expected ultimate 
recovery (EUR) of the tight formation.   
 
1.2 Objective 
The primary objective of this work is to investigate the effect of formation heterogeneity 
on the EUR of the shale formation. The heterogeneities considered here are relevant to 
the permeability, porosity and the capillary pressure. We use geostatistical data for each 
petrophysical property and conduct two-phase flow for different realizations. Averaging 
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the results obtained for different realizations allow us to discuss the cumulative 
production of the formation.  
 
The secondary objective of this research is to determine the predictive capabilities of the 
reduced model with different formation heterogeneities. We compare the normalized 
cumulative production results of the reduced model with those of the refined model 
(reference model). The comparison enables us to further test the accuracy of the fracture 
cell as it relates to the two-phase flow (Sakhaee-Pour and Wheeler, 2016). 
 
1.3 Research Hypothesis 
In order to precisely describe the curved fractures intersecting with each other, local 
refinement and introducing irregular grid shape is not a computationally economical. 
Instead, the fracture cell model, developed recently by Sakhaee-Pour and Wheeler 2016) 
is used.  
 
The hypothesis of this research is that we can capture the formation heterogeneity relevant 
to permeability, porosity, and capillary pressure if we account for the effective transport 
properties of fracture using the fracture cell model. We will build a reservoir cell model 
with an arbitrary fracture whose transport properties are determined from petrophysical 
measurements of shale. We test the hypothesis by comparing the results based on the 
fracture cell model with the refined model. 
3 
1.4 Thesis Outline 
Regular shaped cells are used to capture the effects of fractures with an arbitrary geometry 
in this research on the transport properties. The effective permeability and porosity are 
assigned to each cell with a fracture to mimic fracture-fracture, fracture-matrix and 
matrix-matrix interactions in three principal directions. This approach can be widely 
applied to a complex fracture pattern, such as those observed in heavily stimulated 
formations, naturally fractured carbonates, and those stimulated by acidizing.  
 
The present thesis consists of the following chapters: 
Chapter 2: literature review as it relates to the petrophysical properties of shale formations 
such as absolute permeability, relative permeability, and capillary pressure. It also 
discusses the recent developments on modeling heavily stimulated tight formations. 
 
Chapter 3: the fracture cell model is discussed. We elaborate the implementation of the 
effective transport properties based on the fracture cell model in commercial software.  
 
Chapter 4: heterogeneity of the shale formation. We develop a geostatistically 
representative model for shale formations. The representative model embraces realistic 
models for porosity, permeability, and capillary pressure. The capillary pressure is scaled 
using J function. 
 
Chapter 5: Results of the conducted study. We discuss the importance of capillary 
pressure heterogeneity. 
4 
Chapter 6: Conclusion. We summarize the conclusions relevant to building a 
representative model for shale formations by accounting for the formation heterogeneity 
based on the fracture cell model. The addressed conclusions have major implications for 





















Chapter 2: Literature Review 
2.1 Complexities of Transport Properties in Tight Formations 
The nanoscale or microscale pore network distribution dominant the gas flow in shale 
play (Javadpour, Fisher and Unsworth 2007). The transfer phenomena between the 
fracture and matrix during the production from fractured reservoir are effect by the 
combined processes of fluid expansion, capillary imbibition, gravity drainage and 
diffusion (Lu, Donato and Blunt 2008). The porosity and cross-sectional area for gas 
transporting mitigate due to the pore pressure, indicating the difficulty of the transport in 
shale formation (Xiong, et al. 2012). The storage mechanisms can be as complicated as 
in four ways: natural fractures, matrix pores, adsorbed in kerogen bulk and dissolved in 
kerogen bulk (Swami, Settary and Javadpour 2013). Knowing the disorder fact of gain 
alignment in small scale, the anisotropy in transport and elasticity characteristics are 
caused by the organized larger scale grain alignment (Sondergeld, et al. 2010). 
 
Proper fracture path configuration for contact area determination and reservoir simulator 
flow properties input are the factors influencing production estimation dramatically. 
(Dewers, et al. 2012) used focused ion beam-scanning electron microscopy (FIB-SEM) 
to visualize the pore networks of mudstone, such as pore properties, topology and 
tortuosity. Counting both effective Knudsen diffusivity and intrinsic permeability in the 
apparent permeability of organic matter calculation gives better transport behaviors 
(Chen, et al. 2015). Civan (2010) pointed out that including relevant gas retention and 
transport in shale gives better apparent shale gas permeability and diffusivity description. 
The constant diffusion coefficient obtained from modeling of the gas flow in nanopores 
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with a diffusive transport regime helped to count slip boundary conditions on the surface 
of the nanopores (Javadpour, Fisher and Unsworth 2007). The more complicated 
permeability distribution actually happens when the formation is highly heterogeneous. 
Due to tectonic and other complex stress issues, the hypothesis of forming simple two-
wings fracture pattern are not likely to happen. Instead, it is highly possible to appear as 
complex fracture network showing in Figure 1. In heterogeneous reservoir, the 
permeability is appeared in log-normal for permeability and the local capillary trapping 
could occur (Saadatpoor, Bryant and Sephernoori 2010). This characteristic leads to the 
extra difficulties for fluid flow in porous media.  
 
 
Figure 1. Fracture pattern complexity example. (Fisher et al., 2002) 
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2.2 Fluid Flow Behaviors in Tight Reservoirs 
2.2.1 Fluid Flow Behaviors 
The transport property especially the gas permeability is essentially influenced by the 
absorption and slippage phenomenon on the pore walls in nanoscale permeability 
reservoirs (Sakhaee-Pour and Bryant, 2012). The high Knudsen number flow in 
nanopores is usually used to predict transport characteristics (Roya, et al. 2003). The 
sorbed phase should be adjusted in the gas in place estimation in shale (Ambrose, et al. 
2012, Hartman, et al. 2011). Desorption-adsorption models (Shabro, et al. 2014, 
Ambrose, et al. 2012), Knudsen’s number, Knudsen and slip flow models (Freeman, et 
al. 2012, Darabi, et al. 2012) provide better understanding of tight reservoir simulation 
while few of these works imposed the effect to pressure/volume/temperature (PVT) 
properties and to flow behaviors from the pore size distribution (Pitakbunkate, et al. 
2016). Wu et al. (2016) developed a new approach to investigate the adsorption effect 
with the existence of capillarity in tight formations.  The larger drawdown from the 
reservoir to the bottom hole leads larger production rate. In shale reservoir, the liquid 
dropout forms due to the pressure excessive drop below the bubble point near the 
wellbore. Such reservoirs are called liquid rich shale (LRS). The production data and 
numerical modeling of LRS should be incorporated to establish accurate phase behavior 
models (Ganjdanesh, et al. 2016).  
 
Figure 2 is obtained from the computational fluid dynamics (CFD) simulation through 
the ultralow permeability rock with varies pore throat sizes. The actual volume mesh and 
is showing in the Figure 2 (a) whereas the streamlines through the volume is showing in 
8 
the Figure 2 (b). The color differences show the different velocities. The varies flow 
velocities and distribution give the indirect flow complexity indication in the tight rocks 
or shales.   
 
Figure 2. Fluid flow through the complex connected network (Dewers, et al. 2012). 
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2.2.2 Permeability and Permeability Measurement  
The (Corey 1954) Model gives a simple and a representative description for the 
relationship between the relative permeabilities and the saturations. Shad et al. (2010) 
extended Corey (1954) Model’s theory, they concluded that in the natural fracture 
reservoirs, the relative permeabilities are the function of both saturations and the fracture 
orientations. 
 
The difficulties of shale permeability measurement are not only caused by the technical 
limitations but also the versatile shale characteristics. Obtaining the petrophysical 
properties from core analysis is time consuming and economical unfriendly. The 
dominant pore throat sizes become more essential compared to the physical geometry of 
the pore-size distribution while measuring the permeability in ultra-tight formation 
(Shabro, et al. 2014, Sakhaee-Pour and Bryant, 2014).  The difference between the 
apparent permeability measured directly from the Darcy’s law and the intrinsic 
permeability with Knudsen number considered could be significantly high with respect 
to the core plug local conditions (Civan, Rai and Sondergeld, 2011). The proper 
corrections for the permeability measurement results from transient techniques provide 
consistent results to that from the steady state techniques within 30% tolerance (Mathur, 
Sondergeld and Rai 2016).  
 
The steady state method and the transient method are two major approaches of core plug 
based shale matrix permeability measurement. Saneifar et al. (2014) built the method 
which corporates well logs to the core measurement to assess the petrophysical and 
10 
compositional properties of the shale-gas reservoir, providing reliable rock classification 
method. Civan, Devegowda and Sigal (2013) made corrections regarding the 
permeability measurement so that the Knudsen diffusion and pore-proximity are included 
based on the combined method regarding the transient-state formulations. Tian et al. 
(2015) couples interporosity flow model with production data to determine the effective 
permeability.  
 
The transport properties measurements, such as permeability and porosity, are also 
largely affected by the net stress, pore pressure and the temperature (Zamirian, Aminian 
and Fathi 2014, Sinha, et al. 2013). The change in the confining pressure has more 
significant effect compared to the change of pore pressure (Heller, Vermylen and Zoback 
2014). In most shale, the confining-pressure-dependent permeability is caused by cracks, 
with the observations of three magnitude variabilities of permeability under different 
confining pressures (Tinni, et al. 2012). Latham et al. (2012) modeled the stress-
dependent permeability caused by stress heterogeneity, and new / pre-existing fractures 
behaviors under the far-field stresses. Gaining the knowledge of pre-existing fault 
activation possibility for shale formations due to varies clay content aids in stimulation 
operations (Zoback, et al. 2012). 
 
2.2.3 Capillary Pressure and J function 
The capillary pressure is defined as the pressure difference between the non-wetting 
phase and the wetting phase at the its fluids interface.  
𝑝𝑐 = 𝑝𝑛𝑤−𝑝𝑤                                                              (1) 
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Van Genuchten (1980) capillary pressure model is widely used describing the relationship 










                                         (2) 
 
The empirical parameters, 𝛼 and m, are obtained for different soil types from laboratory 
measurements. However, the capillary pressure for multiphase flow in the heterogeneous, 
tight, heavily fractured reservoirs behaves more complicated. Leverett (1941) took the 
capillary pressure variance with different permeabilities and porosities into count for the 
same reservoir by J- Leverett function scaling. This J function is a function of wetting 
phase saturation. 
 
2.3 Simple / Planar Fracture Models 
The two-dimensional fracture geometry models under bunch of assumptions are usually 
being used for describing the hydraulic fractures for sake of simplicity. PKN (Perkins and 
Kern 1961, Nordgren 1972) and KGD (Geertsma and Klerk 1969) are famous two 
dimensional planar fracture models. Their geometries are showing in Figure 3. Both 
models assume planar fracture geometries with two wings that are formed in a 
horizontally isotropic in-situ stress field condition. In other words, these models assume 
that rock anisotropy and discontinuity do not influence the fracture path; the fracture 
propagation direction is perpendicular to the minimum horizontal principal stress 
direction.    
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  (University of Minnesota College of Science & Engineering 2012)  
 
2.4 Improved Models / Simulators 
2.4.1 Importance of Capturing Complex Fractures in Tight Formations 
For heavily fractured reservoir, the fracture paths are not simply planar fractures. Instead, 
the multiple curved intersected fractures are the more realistic fracture geometries. The 
complex fracture networks can be formed by the complex geological events. The 
ununiformed stress-state and other mechanisms, such as complex deposition, tectonic 
movement, diagenesis and pre-existing natural fractures, possibly caused the dendritic 
fracture networks  (Rylance 2013). The better capturing of the fracture paths leads to the 
precise hydrocarbon production estimation and forecasting.  Thus, the advanced 
techniques to describing the fracture networks are essentially needed (Sakhaee-Pour and 
Wheeler 2016). 
 
Figure 3. Schematic diagram of KGD and PKN fracture model. 
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The fluid flow behaviors have developed as early as in the middle of last centuries. 
Barenblatt, Zheltov and Kochina (1960) studied the unsteady state fluid flow in porous 
media and introduced two types of fluid pressure regarding their locations. Warren and 
Root (1963) built a heterogeneous porous media model which is widely being accepted 
as the basis of heterogeneous reservoir simulation showing in Figure 4. Swaan (1976) 
developed a mathematical model which detects the pressure responses in natural fractures 
from the slightly compressible fluid flow. Kazemi et al. (1976) dramatically extended the 
simulation formulation from Warren and Root (1963)’s model. They took the three 
dimensions, multiphase, gravity effect and complex reservoir properties into 
consideration. Blaskovish et al. (1983) introduced a new model; it addressed the spatial 
framework, hydrocarbon fluid complexity and dual porosity/permeability in the reservoir 
simulator. Dean and Lo (1988) compared the hydrocarbon production from the single-




Figure 4. Idealized Sugar Cube model  (Warren and Root 1963). 
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2.4.2 Improved Models / Simulators 
In the recent few years, researchers made efforts on building the representative model to 
characterize the shale reservoirs and the fluid flow in the tight / ultra-tight reservoirs. 
Balogun et al. (2007) verified the transfer function for dual porosity and dual permeability 
reservoirs in field scale. Hoteit and Firoozabadi (2008) used different approaches, 
including finite difference, finite volume and finite elements, to couple with discrete-
fracture models for multiphase flow in porous media. This method introduces triangular 
shaped grids with all different meshed angles showing in Figure 5. Warpinski et al. 
(2009) pointed out that high production from the ultra-tight reservoir are ensured by 
appropriate fracture spacing and by enough delivery of hydrocarbon from the matrix to 
the fractures. Yin et al. (2011) conducted well drainage volume computation method for 
multistage fracturing shale reservoir. They also matched they stimulated reservoir volume 
with the drainage volume matching by the traditional history matching approach. Moinfar 
et al. (2013) generated a coupled model to describe the hydraulic fractures with EDFM 
approach and the natural fractures with dual continuum approach in an integrated system. 
They also extended the algorithm from Li and Lee (2008) by developing the embedded 
discrete fracture (EDFM) with fully implicit compositional reservoir simulator for the 
arbitrary orientated fractures. Al-Hinai et al. (2013) modeled multiphase fluid flow with 
complex fracture geometries by coupling mimetic finite difference method with the 
multipoint flux mixed finite element method. Yan et al. (2013) conducted a triple porosity 
system, including organic matter, inorganic matter and natural fractures, to simulate the 
fluid flow in shale reservoir in microscale. Olorode et al. (2013) studied the production 
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from coupled primary/secondary fractures with different inclined planar fractures along 
the completion zones showing in Figure 6. 
 
 





Figure 6. Diagram of unstructured grid meshed fracture (Olorode, et al. 2013). 
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In recent two years, Sakhaee-Pour and Wheeler (2016) developed Fracture-Cell model 
without performing local refinement to capture the nonplanarity of the fractures. This 
model considers the interactions of matrix-matrix, matrix-fracture and fracture-fracture 
in tight reservoirs. Xie et al. (2015) cooperated the fast marching method (FMM) to the 
geometric pressure approximation to estimate the drainage volume and well performance 
of shale reservoir with complex fracture networks, increasing the efficiency of reservoir 
properties estimation. Alfi et al. (2015) described the porous media in three sub-regions 
(inorganic matter, kerogen and fracture network) to configure the heterogeneity of the 
shale reservoir in micrometer scale. Filho et al. (2015) applied the Embedded Discrete 
Fracture Model (EDFM) to the IMPEC compositional reservoir simulator (UTCOMP) 
and coded the preprocessing code to adjust the discrete fracture patterns in the simulator. 
 
Zheng et al. (2016) investigated the geomechanical effect, especially TPHM-based 
permeability as a function of effective stress on the production rate. This relationship is 
implemented in the simplified numerical model to estimate the production rate in tight 
reservoir. Shakiba et all. (2013) built the Distinct Element method, which studies the 
interactions between the hydraulic fractures and surrounding natural fractures. They 
found that the cumulative oil production increases if the hydraulic fracture extends and 






Chapter 3: Fracture-Cell Model 
3.1 Fracture – Cell Model 
Sakhaee-Pour and Wheeler (2016) developed the Fracture-Cell model to modify the 
effective multiphase transport properties for a cell containing fractures without local 
refinement. The main idea is to implement effective transport properties to account for 
the presence of fractures in an existing code without developing a new code. In other 
words, the Fracture-Cell model can be used with the minimum changes, which is desired, 
in the existing reservoir simulators when we are interested in their influence on 
hydrocarbon productions. Other recently developed codes usually couple different codes 
or mesh refinements around the fractures to capture its complex topology.  
 
The Fracture-Cell model determines the effective multiphase transport properties of a 
reservoir cell with a fracture to account for its interactions with a neighboring cell. The 
fracture cell can interact with a neighboring cell via matrix (M-F in Figure 7) or fracture 
(F-F in Figure 7). The determined effective transport properties include porosity, 
absolute permeability, relative permeability, and capillary pressure. The geometry and 
number of fractures are arbitrary. 
 
The Fracture-Cell model by its name generally counts the interactions between the matrix 
and fractures. In the model, we specify matrix cell as non-fracture passed cells while the 
fracture cell as fracture passed cells. As a results, the three types of interactions are 
showing in the Figure 7. There are generally three types of interactions in this models 
with respect to fracture and matrix: 1. Matrix-matrix interaction; 2. Fracture-matrix 
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interaction; 3. Fracture-fracture interactions. The most importance of the Fracture-Cell 
model is that the uniform size of the cells is used in the reservoir simulation model without 
local refinement. It provides a more efficient and economical utilization in the simulation 
works. The analytical calculated flow properties are implemented to compensate the 
uniform cell size utilization.  
 
There are three types of interactions between the reservoir cell: matrix-matrix (1), 
matrix-fracture (2), and fracture-fracture (3). The fracture cell model (Sakhaee-
Pour and Wheeler 2016) determines the effective transport properties for M-F and 
F-F, whereas standard core measurements characterizes M-M. 
 
Figure 8 (a) shows an arbitrary fracture path in the grid meshes or cells. The fracture 
cells are defined as the cells that have at least one fracture passing by in the grid meshes. 
They are denoted (1) to (9) in the Figure 8 (b). The matrix cells are the grids that have 
no fracture passing by. All the grid meshes in here are having the uniformed size in square 
shape. The interactions between the fracture cells and matrix cells are counted by three 
types of effective permeabilities in the Fracture-Cell model. 
 
 Figure 7. Schematic of interactions between reservoir cells and neighboring cells. 
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                                                                  (3) 
 
Where the （𝑙𝐶/𝑙𝑓） is length ratio of representative path length showing in Figure 8 (b) 
and actual fracture length showing in Figure 8 (a), w is the width of the fracture, and h is 
the cell size.  
 
                                 (a)                                                                  (b) 
The matrix-fracture effective permeability𝑘𝑀𝐹  is obtained by considering the speial 
contributions of different regions in a fracture cell for both fracture surrounding region 
and other matrix regions on a specific direction. We use a rectangular shape to cover the 
fracture passed area and define several regions as showing in Figure 9 regarding fracture 
passed region (S) and other areas denoted in numbers (2) to (4). For example, in the 
Figure 9, part (S) and part (3) are parallel flow in the x direction; and the combined 
middle region along with part (2) and part (4) are series flow on the x direction. That is 
Figure 8. lf is the patch of the fracture length in two visualizations 
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how we obtained the expression for the 𝑘𝑀𝐹−𝑥 on the x direction in this fracture cell. The 

































                                             (5) 
 
Where (a/h) is the span ratio and (b/h) is the penetration ratio. 𝑘𝑆−𝑥 and 𝑘𝑆−𝑦 are the 
equivalent permeability of fracture surrounding region. Term a, b and h are visualized in 
the Figure 9. The red segment is the fracture path within this fracture cell. Term a is 
length along the y axis for fracture passed region while b is that of the x axis. 
 
Since the permeability of surrounding region 𝑘𝑆−𝑥 and 𝑘𝑆−𝑦 have much higher order of 
magnitude than the matrix permeability due to the existence of the fracture in (S) region, 
the 𝑘𝑀𝐹 equations showing above can be simplified to 














                                                                   (7) 
 
For the effective permeability 𝑘𝑀𝑀 that counts matrix-matrix interactions, it is simply 
equals to the matrix permeability 𝑘𝑚 that is measured from the laboratory. We simply 
substitute the 𝑘𝑀𝑀 with 𝑘𝑚 in the equation (4) to equation (7). 
 
If a fracture cell has more than one fracture segments passing through, it is advisable to 
use a rectangular shape dyed with blue in Figure 10 to group the whole fractures passed 
area within this single fracture cell. The length of a will be the y axis length of blue 
rectangular and b will be the x direction length of the blue rectangular. Figure 10 gives a 











Figure 10. Measurement of parameters with multiple fracture paths.  
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3.2 Representative Reservoir model 
3.2.1 Implementation Attempt 
Figure 10 (a) below shows a single curved fracture dyed with blue. The colored 
gridblocks showing in Figure 10 (b) are the fracture passed gridblocks and they are 
numbered in order to aid to the 𝑘𝑀𝐹 calculation. 
(a)                                                                (b) 
(a) Single fracture is shown with blue curve.   
(b)  Fracture passed grid blocks. They are numbered in order. 
 
Recalling the methodology to measure a, b and h for a single fracture cell, the 
measurements are done for every single fracture-passed cells showing Figure 10 (b). As 
for the h, it is subjective to change.   
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Figure 11. Fracture path visualization of one part of 40 by 40 grids range. 
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When we add up all the (l/h) terms for fracture cells, the length of the lf is obtained by 
multiplying the summation of (l/h) by h. 
 
A fracture cell, based on the Fracture-Cell model, has one or more fracture cell(s) as its 
neighbor(s) and/or one or more matrix cells at other side(s) of its adjacent sides as it is 
showed in the Figure 11. Therefore, there are two types of effective permeabilities for 
the fracture cell: kFF and kMF. However, we are unable to input two values of 
permeabilities at a single fracture cell’s location. So, we have to transfer one of these two 
effect permeability value onto its neighbor’s to count both effective permeability for this 
fracture cell. We chose to transfer kMF to its neighbor, a matrix cell in here. Since the 
effect of smearing the matrix cell’s permeability is negligible.  
 
 
Figure 12. Fracture cell interactions between its adjacent cells. 
24 
This transferring process is considered with the transmissibility at the boundary of the 
fracture cell and the matrix cell. The physical reality of fracture cell and its adjacent 
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For reservoir simulator input is having  𝑘𝐹𝐹  as permeability input in fracture cell 
transmissibility expression and a modified  𝑘𝑀𝐹−𝑥 
′ permeability that will be assigned to 
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Since the fracture permeability kFF is larger than matrix related permeability 𝑘𝑀𝐹−𝑥 and 




term can be neglected in here. 
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𝑘𝑀𝐹−𝑥  and 𝑘𝑀𝐹−𝑦  are calculated by equation (6) and equation (7). Term km is 1 µd, 100 
nd and 10 nd as three scenarios for investigating the ultra-tight formation. In here, we 




At this point, the implementation of Fracture-Cell model is finished. The flowing works 
are upscaling based on the geostatistically representative fracture pattern. 
 
3.2.2 Capturing Fracture Pattern with Different Cell Quantities 
The Fracture-Cell Model is applied to the geostatistics generated fracture pattern with 
reduced cell quantities. Figure 13 is fracture pattern generated by the geostatistics 
approach by Liu and Srinivasan (2002, 2004). The refined fracture pattern is a 100  100 
cells scale which is 1000 ft  1000 ft reservoir. The gray dyed cells are fracture cells while 
blank area is matrix. Four producers are perforated along x direction that intersect 
fractures on the far north edge of the reservoir. 
 
  
Figure 13. The reservoir dimensions of geostatistically generated pattern.  
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In this refined model, the grey gridblocks are actual fractures. The width of the fracture 
is assumed to be 1 mm while the h in the refined model is 10 ft. therefore, the fracture 
permeability is equal to 30.292 darcies. The difference between refined model and 
Fracture-Cell model is that in the fracture cell model, the cells with fracture paths are not 
fully occupied by the fracture paths while the cells are full occupied by the fracture in 
refined model in showing Figure 13.  
 
It was concluded that the fractures that are not connect to the producers do not have  
contributions to the productions (Sakhaee-Pour and Wheeler 2016). As for the simplicity, 
the disconnected fractures on the southeast region showing in the Figure 13 are neglected 
in the simulation.  
 
Figure 14 shows the upscaling patterns (reduced models) of 20  20 cells, 40  40 cells, 
80  80 cells from Figure 14 (a) to Figure 14 (c) based the refined model with 100  100 
cells Figure 14 (d). It is clear that the 80  80 cells pattern is close enough to the refined 
model with 100  100 cells. By comparing Figure 14 (d) to Figure 13, we can notice 





Figure 14 (a)           
                                                      
 











Figure 14 (d)  






Chapter 4: Reservoir Simulation 
4.1 Homogenous Case 
The reservoir fluid type is black oil in our study. Two phases, including oil and water, are 
set in the reservoir. Therefore, the relative permeability and capillary pressure 
relationship with wetting phase saturation are defined in here. 
 
The two-phase reservoir is ensured by controlling the bubble point pressure of generated 
fluid lower than the bottom hole flowing pressure (pwf = 2000 psi).  
 
The Corey model is used to describe the relative permeability relationship with the 




                                                                     (17) 
𝑘𝑟𝑜 = 𝑘𝑟𝑜
𝑜 (1 − 𝑆 )𝑒0                                                             (18) 
 
Where  𝑘𝑟𝑤
𝑜 , 𝑒𝑤 , 𝑘𝑟𝑜
𝑜  𝑎𝑛𝑑 𝑒0  are the pertinent parameters obtained from laboratory 
measurement. 
 





                                                                      (19) 
 
Where Swr is residual wetting phase (water in this study) saturation, Sor is the residual non-
wetting phase (oil in this study) saturation. 
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The matrix capillary pressure affects two phase flow in the tight formations dramatically. 
In addition, fracture does not have capillary pressure effect due to its structure. In order 
to successfully run the simulator, a very small number of capillarity will be assigned to 
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Where 𝛼 and m are empirical parameters obtained from the laboratory measurements. 
Here 𝛼 is assigned with value of 0.04, 0.0013 and 0.0004 for km = 1 µd, km = 100 nd and 
km = 10 nd; m input is 0.87. 
 
The relative permeability data and capillary pressure data are summarized in Table 1. 
 
Sw Krw Krow Pc (km=1 µd)  Pc (km=100 nd) Pc (km=10 nd) Sw Krw Krow Pc (km=1 µd)  Pc (km=100 nd) Pc (km=10 nd)
0.2 0.0000 0.8000 383.5 1180.0 3835.0 0.05 0.0000 0.9000 0.40 1.22 3.97
0.24 0.0000 0.7031 376.3 1157.7 3762.6 0.11 0.0000 0.7416 0.39 1.20 3.90
0.28 0.0000 0.6125 336.9 1036.5 3368.7 0.16 0.0000 0.6029 0.36 1.12 3.64
0.31 0.0002 0.5281 314.5 967.8 3145.3 0.22 0.0001 0.4827 0.35 1.09 3.53
0.35 0.0008 0.4500 298.6 918.7 2985.9 0.28 0.0004 0.3797 0.34 1.05 3.41
0.39 0.0019 0.3781 285.9 879.7 2859.0 0.33 0.0012 0.2925 0.33 1.00 3.25
0.43 0.0040 0.3125 275.1 846.5 2751.0 0.39 0.0030 0.2197 0.31 0.96 3.12
0.46 0.0073 0.2531 265.5 816.8 2654.5 0.44 0.0064 0.1602 0.30 0.92 2.99
0.5 0.0125 0.2000 256.5 789.2 2565.0 0.5 0.0125 0.1125 0.29 0.88 2.86
0.54 0.0200 0.1531 247.9 762.8 2479.1 0.56 0.0225 0.0754 0.27 0.84 2.73
0.58 0.0305 0.1125 239.4 736.6 2393.9 0.61 0.0381 0.0475 0.26 0.80 2.60
0.61 0.0447 0.0781 230.7 709.7 2306.6 0.67 0.0614 0.0275 0.25 0.76 2.47
0.65 0.0633 0.0500 221.3 681.0 2213.4 0.73 0.0949 0.0141 0.23 0.72 2.34
0.69 0.0872 0.0281 210.8 648.7 2108.3 0.78 0.1416 0.0059 0.22 0.68 2.21
0.73 0.1172 0.0125 197.9 609.0 1979.3 0.84 0.2052 0.0018 0.21 0.64 2.08
0.76 0.1545 0.0031 179.1 551.2 1791.4 0.89 0.2897 0.0002 0.20 0.60 1.95
0.8 0.2000 0.0000 0.0 0.0 0.0 0.95 0.4000 0.0000 0.00 0.00 0.00
FractureMatrix
Table 1. Relative permeability and capillarity for both matrix and fracture. 
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Figure 15 shows relative permeability curves and capillary pressure for both matrix cells 
and fracture cells. Since the relative permeability in the multiphase flow tight reservoir is 
still an active research, the Corey model is employed to express the relative permeability 
relationship with wetting phase saturation for the simplicity. The fracture in here is not 
assumed to be the smooth conduit when the surface roughness of the fracture is 
considered. In addition, in the Fracture-Cell model, the fracture cells contain both the 
fracture parts and the matrix parts. Therefore, the relative permeability curves of the 
fracture cells do not have constant slop. Figure 16 shows the capillary pressure curves 
for permeability of 1 µd, 100 nd and 10 nd scenarios. The Van Genuchten capillary 
pressure model is used in our model since it has better ability to express the non-
percolating characteristics of the capillary pressure relationship with the wetting phase 
saturation in shales. As it is showing in the Figure 16, the capillary pressures are 
abnormally high when we used the empirical coefficients that are obtained from 
laboratory measurement in Van Genuchten model. It could be explained by the 
inconsistent hydraulic connections to the surface. The geological barriers maybe exist in 








































As for the practical use of the simulator, in order to assign the fracture cells and matrix 
cells to different relative permeability relationships and capillarities, it is advisable to 
generate two rock types in the simulator. The fracture cells and matrix cells are assigned 
to two rock types separately. 
 
Table 2 summarized the input data of the simulation. 
 
Table 2. Input data for two-phase simulation of Fracture-Cell model. 
 
Property Value 
Physical dimension 1000 ft  1000 ft 
Porosity/mean of porosity in heterogeneous cases 0.08 
Corey model parameters (𝑘𝑟𝑤
𝑜 , 𝑘𝑟𝑜
𝑜 , 𝑒𝑤, 𝑒𝑜) (0.2, 0.8, 4.0, 2.0) 
Mean/standard deviation of normal distribution for porosity 0.08, 0.01 
Log Mean (km =1 µd, 100 nd, 10 nd) / log standard deviation 
of lognormal distribution for permeability 
(-3, -4, -5) md / 0.02 md 
Residual water/oil saturation of matrix 0.2, 0.2 
Residual water/oil saturation of fracture 0.05, 0.05 
Initial oil pressure 4000 psi 
Bottom-hole pressure 2000 psi 
Grid number 
20  20, 40  40, 80  80, 
100  100 
Oil compressibility 1.0 E-6 (1/psi) 
Oil viscosity 0.3 cp 
Formation volume factor 1.0 RB/STB 
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The initial water saturation of matrix cells is 0.4 while it is 0.05 of the fracture cells. Four 






















4.2 Heterogeneous Case 
4.2.1 J-Function Scaling 
In a same reservoir, the heterogeneous permeabilities results in the heterogeneous 
capillary pressure  (Saadatpoor, Bryant and Sepehrnoori 2010). The Leverett J –function 
is widely used to count the heterogeneity capillary pressures in the same reservoir 







                                                                          (21) 
 
where Sw is the wetting phase saturation, pc is the capillary pressure, 𝜙 is the porosity, 𝜎 
is the surface tension, 𝜃 is the contact angle and 𝑘 is the absolute permeability of the rock. 
Rocks that are from the same field or share the same lithology have same J function 
setting to normalize the capillarity. The equation (21) explicitly shows that the differences 
of capillary pressures are caused by the wetting properties, heterogeneous permeabilities 
and porosities. 
  
In our study, two assumptions are made regarding heterogeneous capillary pressure: first, 
the interfacial tension and contact angle do not change; second, the capillary pressure 
shape remains same. The capillary pressure variations can be obtained based on the 







                                                             (22) 
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Then the J function is implemented in the simulator as normalized expression of the 
heterogeneous capillary pressures. 
 
4.2.2 Subsurface Uncertainty 
In the heterogeneous reservoir, the porosity is normally distributed while the permeability 
appears to be log-normally distributed. In our study, the permeability heterogeneity and 
the porosity heterogeneity of the tight formations are specified by utilizing these two 
distributions. The random permeability value is sampled from the specified log-normal 
distribution and assigned to the matrix cells locations. Similarly, the random porosity 
value is sampled from the specified normal distribution and assigned to cells. Again, this 
process introduced heterogeneous characteristics or uncertainties in the reservoirs. 
 
In order to compare the homogeneous case with heterogeneous cases, the mean of the 
porosity normal distribution in the heterogeneous case is set with the porosity value in 
the homogeneous case (0.08). The random sampled matrix permeability values from log-
normal distribution are assigned to the matrix cells. The modes of the permeabilities 
distributions have the same values of homogeneous permeability cases (1µd, 100 nd or 
10 nd) with specified uncertainties in the log-normal distribution. 
 
Figure 15 is an example of histogram graph for normally distributed porosity for 80  
80 cells dimension. Figure 16 gives an example of the matrix permeabilities histogram 





Five cases are designed in this study. The combinations of matrix permeability, porosity 
and capillary pressure regarding their heterogeneities are summarized in Table 3 below. 
Figure 18. Histogram of matrix permeability distribution with 80  80 cells. 
Figure 17. Histogram of the heterogeneous porosity distribution with 80  80 cells. 
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Case 1 is with homogeneous matrix permeability, homogeneous porosity and 
homogeneous capillary pressure curve (without scaling). Case 2 is specified as 
heterogeneous matrix permeability, homogeneous porosity and heterogeneous capillary 
pressure with J function scaling. Case 3 is specified with heterogeneous matrix 
permeability, heterogeneous porosity and heterogeneous capillary pressure with J 
function scaling. Case 4 is specified with heterogeneous matrix permeability, 
homogeneous porosity and homogeneous capillary pressure (without scaling). Case 5 is 
specified with heterogeneous matrix permeability, heterogeneous porosity and 
homogeneous capillary pressure (without scaling).  
 
Case 1 will be compared with case 3. The reason for this set of comparison is because 
case 1 is generally be used in the fractured reservoir simulation settings while case 3 is 
considered as a more realistic fractured reservoir condition. The effect of J function 
(formation heterogeneity) is investigated by comparing case 2 with case 4 and by 
comparing case 3 with case 5. 
 
  
Three scenarios, km= 1 µd, km= 100 nd and km= 10 nd, are considered in this research. 
Each scenario contains 5 cases that are summarized in the Table 3. Furthermore, each 
case was performed with 4 dimensions regarding different cell quantities. These 
Table 3. Homogeneous case and heterogeneous cases numbering. 
Case 1 Case 2 Case 3 Case 4 Case 5
Matrix Permeability Homogeneous Heterogeneous Heterogeneous Heterogeneous Heterogeneous
Porosity Homogeneous Homogeneous Heterogeneous Homogeneous Heterogeneous
Capillarity Homogeneous Heterogeneous Heterogeneous Homogeneous Homogeneous
40 
dimensions are 400 cells (20  20 cells) reduced model, 1600 cells (40  40 cells) reduced 
model, 6400 cells (80  80 cells) reduced model and 10,000 cells (100 100 cells) refined 
model. The refined model (10,000 cells) is geostatistics generated model which is 
considered as reference base model in this study. 
 
 From case 2 to case 5 in each scenario, the heterogeneous permeabilities and porosities 
are random generated with specified distributions. The random location are picked to 
assign the permeabilities and porosities. Therefore, huge uncertainties are inevitably 
introduced when we want to study the cumulative oil production from these 
heterogeneous reservoirs. As a results, enough realizations are needed to ensure a stable 
averaged representative EUR for that heterogeneous reservoir. A number of 50 
realizations is selected in this study since it delivers stable averaged representative EUR 












Chapter 5: Results 
5.1 Example of Realizations in Heterogeneous Cases and Representative Average  
 
Figure 19 shows relationship between cumulative oil production and time with both 
realizations and representative average. The km=100 nd scenario with 80  80 cells 
dimension is shown in here. Again, due to the randomness location assignment of 
heterogeneous permeability and porosity values within their distributions, large 
uncertainties are introduced into the tight reservoir. The enough realizations should be 
performed to ensure the representative EUR for the heterogeneous cases. Therefore, from 
case 2 to case 5, each case was performed with 50 realizations with whom give stabilized 
representative average of EUR. The average curve is calculated and shown as dark solid 
curves in each graphs in Figure 19. 
 
The range of the EUR realizations in case 2 is 10,000 STB to 150,000 STB. It is 10,000 
STB to 250,000 STB in case 3. While the range of EUR is 28,000 STB to 330,000 STB 
in case 4 and it is 26,000 STB to 350,000 STB in case 5. From Figure 19 and ranges of 
all heterogeneous cases, we can notice that the smaller ranges of EUR realiztions are 
shown in the heterogenous capillary pressure cases (case 2 and case 3). In other words, 
the heterogeneous capillary pressure scaling reduces the uncertainties of cumulative oil 

























Figure 19 (d). Case 5     
 
Figure 19. Average cumulative oil production curves with 50 realizations. 
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5.2 Cell Size Effect on Transport Properties of Heterogeneous Reservoir 
The effect of mesh sizes was analyzed in the past for homogeneous reservoirs (Sakhaee-
Pour and Wheeler 2016).  Each graph in Figure 20 shows the relationship between the 
cumulative oil production for 4 dimensions that we specified for both case 1 and case 3 
with all three scenarios. Again, we use 100   100 cells dimension as the reference in this 
study. 
 
We have to pay attention that this work is not an upscaling research. The initial setting 
for different dimensions are different. Specifically, the original oil in place in different 
dimensions vary due to the quantities of fracture cells vary from different dimensions (oil 
saturations for the matrix cell and the fracture cell are different). However, as for  the 80 
 80 cells reduced model, it is more representative when we want to compare the Fracture-
Cell model with 100 100 cells refined model (reference dimension). In other words, the 
20  20 cells reduced model and the 40  40 cells reduced model are not representative 
Fracture-Cell models compared to our reference dimension. 
 
In Figure 20, it is obvious that cumulative oil production of case 3 with 80  80 cells 
dimension in all permeability scenarios are fairly close to that of the references with 




























Figure 20 (C1). km=10 nd, Case 1 
 
 
Figure 20 (C2). km=10 nd, Case 3 




5.3 Effect of Reservoir Heterogeneity for 80 × 80 Cells 
We compared the homogeneous case 1 with the most realistic heterogeneous condition 
case 3. Pressure profiles are showing below in Figure 21; the corresponding oil saturation 
profiles are showing in Figure 22 and Figure 23 in two scales.  
  
Figure 21 (a1). km =1 µd,  Case 1 
 
Figure 21 (a2). km =1 µd,  Case 3 
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Figure 21 (b1). km=100 nd, Case 1 
 








Figure 21 (c1). km=10 nd, Case 1 
 
 
Figure 21 (c2). km=10 nd, Case 3 





Figure 22 (a1). km =1 µd,  Case 1 
 
 




Figure 22 (b1). km =100 nd,  Case 1 
 












































Figure 22. Oil saturation profiles after 7 years of production for 80 × 80 cells. 
  
Figure 22 (c1). km =10 nd,  Case 1 
 












































Figure 23 (a1). km =1 µd,  Case 1 
 
  












































Figure 23 (b1). km =100 nd,  Case 1 
  











































Figure 23. Saturations after 7 years for 80 × 80 cells in a different legend scale. 
  
Figure 23 (c1). km =10 nd,  Case 1 
 
Figure 23 (c2). km =10 nd,  Case 3 
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In the oil saturation profiles, we can observe the sharp fluid front in the homogeneous 
capillary pressure case in all scenarios while the gradually changed fluid saturation 
profiles are shown in the heterogeneous capillary pressure case in the oil saturation 
profile. This gradually changed fluid front is called ramified fluid front.  
 
In addition, there are some extremely high oil saturation cells. There are two possibilities 
for this phenomenon. First, the local capillary trapping causes ultra difficulties for oil to 


































Figure 24. Cumulative production with time for first 50 years with 80 × 80 cells. 








The Figure 24 above summarized the three different matrix permeability scenarios of 
five cases for 80   80 cells dimension. The first two scenarios reached plateau in the 
cumulative oil production graph while the cumulative production for heterogeneous cases 
are still increasing for the last scenario. For first two scenarios, same decreasing trend for 
5 cases within the scenario is observed: case 1> case 5> case 4> case 3>case 2.   
 
As for investigating the effect of the J function (heterogenous capillary pressure) on EUR 
in the tight formation, case 2 will be compared with case 4 while the case 3 will be 
compared with case 5. The decreasing trends from both comparison are observed. So we 
can conclude that the heterogenous capillary pressure apprearence in the tight reservoir 
reduce the cumulative oil production from that of the homogenous capillary pressure. 
 
 
The two aspect of comparisons that we discussed are summarized in the Table 4 below. 
Noting that the first two scenarios are used to make the EUR conclusions, since the 
cumulative production curves of last scenario has not reached plateau in the current time 
span.  






Capillary pressure heterogeneity 
Homogeneous to heterogeneous 
(capillarity, permeability, porosity) 
  case 4 to case 2 case 5 to case 3 case 1 to case 3 
km =1 µd    
km=100 nd   
km=10 nd   
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Case 2 vs case 4 
The pressure and oil saturation profiles after 7 years of production are showing below for 
case 2 and case 4. 
Figure 25 (a1). km =1 µd,  Case 2 
 

























Figure 25 (b2). km=100 nd, Case 4 
 
 




































Figure 25. Pressure after 7 yr of production with 80 × 80 cells for case 2 and 4. 
 
Figure 25 (c1). km=10 nd, Case 2 
 


























Figure 26 (a1). km =1 µd,  Case 2 
  













































Figure 26 (b1). km =100 nd,  Case 2 
  









































Figure 26. Saturations after 7 yr of production with 80 × 80 cells for case 2 and 4. 
  
Figure 26(c1). km =10 nd,  Case 2 
 






























Figure 27 (a1). km =1 µd,  Case 2 
  













































Figure 27 (b1). km =100 nd,  Case 2 
  











































Figure 27. Saturations after 7 yr for case 2 and case 4 with another scale. 
  
Figure 27 (c1). km =10 nd, Case 2 
 
Figure 27 (c2). km =10 nd, Case 4 
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Case 3 vs case 5 
Similarly, the pressure and oil saturation profiles after 7 years of production are showing 
below for case 3 and case 5 from Figure 28 to Figure 30.  
 
Figure 28 (a1). km =1 µd,  Case 3 
 






























Figure 28 (b1). km=100 nd, Case 3 
 
 
































Figure 28. Pressures after 7 yr of production with 80 × 80 cells for case 3 and 5. 
 
Figure 28 (c1). km=10 nd, Case 3 
 













































Figure 29 (a1). km =1 µd, Case 3 
  













































Figure 29 (b1). km =100 nd,  Case 3 
  










































Figure 29. Saturations after 7 yr of production with 80 × 80 cells for case 3 and 5. 
  
Figure 29 (c1). km =10 nd,  Case 3 
 






























    
Figure 30 (a1). km =1 µd, Case 3 
  












































Figure 30 (b1). km =100 nd, Case 3 
  











































Figure 30. Saturations after 7 yr for case 3 and case 5 with another scale. 
  
Figure 30 (c1). km =10 nd, Case 3 
 
Figure 30 (c2). km =10 nd, Case 5 
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Chapter 6: Conclusions 
The induced fractures in shale formations often form a complex pattern due to the 
formation heterogeneity and stress anisotropy. They are often multiple intersecting 
curved (complex) fractures. The increase in the contact area achieved by hydraulic 
fracturing is the main reason for the economic production from these formations. Thus, a 
better characterization of the complex fracture could help us understand hydrocarbon 
production more accurately. Thus, we used the fracture cell model to capture the complex 
fractures while accounting for the formation heterogeneity. The conducted study included 
heterogeneity in porosity, permeability, and the capillary pressure. 
 
We accounted for the heterogeneity of the petrophysical properties using the fracture cell 
model. Five scenarios were included to present different level heterogeneities, and for 
each scenario, at least 50 realizations were presented. The matrix permeability was taken 
to be realistic for shale formations (km =1 µd, 100 nd, 10 nd).   
 
Our study showed that the capillary pressure heterogeneity plays a dominant role, 
compared to the effects of permeability and porosity heterogeneity, for the cumulative 
production. This conclusion is true for shale formations where the matrix permeability is 
usually smaller than 1 d. Using a representative capillary pressure based on J function 
reduces the uncertainty of the results, and the difference between the minimum and 
maximum cumulative productions becomes less significant. 
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A better understanding of the reduced model is important when petroleum engineers 
provide an estimate for the cumulative production. The accuracy of the reduced model 
was improved when the capillary heterogeneity is included based on the J function. The 
capillary heterogeneity implemented using J function accounts for the local capillary 
trapping. The capillary heterogeneity also results in a ramified fluid front. The conducted 
study has major implications for building a more realistic reservoir model for shale 
formations as it quantifies the importance of capillary heterogeneity on the cumulative 
production. It also provides a convenient tool, Fracture-Cell model, that can be easily 
incorporated in a commercial software. 
 
We checked the accuracy of the reduced model with complex fractures by comparing the 
results for different number of cells. The accuracy of the reduced model decreases as 
much as 50% for homogeneous model when we decrease the number of cell by a factor 
of 6.4. This effect becomes much less significant when we account for the heterogeneity 
of the formation. The difference between the results of the reduced and the refined models 
becomes negligible when we scale the capillary pressure of the reservoir using J function. 
We also have to pay attention that, when the reduced model fracture pattern is no longer 
representative to the refined model, the EUR sensitivity to cell sizes become less 
convincing. Therefore, the corresponding reservoir setting, such as fluid saturations for 
the fracture cells has to be modified or upscaled. The implement of the J function results 
in a less scattered range of EUR realizations in ultralow permeability cases, meaning J 
function utilization strengthen the cumulative production prediction capability in the 
representative reduced model. For the reduced models in km =1 µd and km =100 nd 
80 
heterogeneous formations scenarios, the average cumulative productions follow the 
production decreasing trend: case 5, case 4, case 3, case 2.   
 
Our model has applications for predicting the ultimate recovery of a shale formation with 
complex fractures by clarifying the importance of the formation heterogeneity. It also 
reveals the accuracy of the reduced models for shales and the importance of the matrix-
fracture permeability interactions in the fracture adjacent cells. For sake of the broader 






𝑎 = fracture passed dimension perpendicular to pressure gradient 
𝐴 = cross section area 
𝑎 ℎ⁄ = span ratio 
𝑏 = fracture passed dimension parallel to the pressure gradient 
𝑏 ℎ⁄ = penetration ratio 
𝐵𝑙 = fluid formation volume factor 
𝑒0 = Corey relative permeability model exponent for non-wetting phase 
𝑒𝑤 = Corey relative permeability model exponent for wetting phase 
ℎ = reservoir cell size 
𝐽 = J function 
𝑘 = absolute permeability 
𝑘𝐹𝐹 = effective permeability of two neighbor fracture cells 
𝑘𝑚 = matrix permeability 
𝑘𝑀𝐹 =  effective permeability counting interactions between fracture cell and the 
adjacent matrix cells 
𝑘𝑀𝑀 = effective permeability of two neighbor matrix cells. 
𝑘𝑀𝐹 
′ = modified permeability which is assigned to fracture adjacent cell 
𝑘𝑟𝑤 = wetting phase relative permeability 
𝑘𝑟𝑤
𝑜 = end point wetting phase relative permeability 
𝑘𝑟𝑜 = non-wetting phase relative permeability  
𝑘𝑟𝑜
𝑜 = end point non-wetting phase relative permeability 
𝑘𝑆 = permeability of surrounding region 
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𝑚= empirical parameter in Van Genuchten model 
𝑙𝐶 𝑙𝑓⁄ = length ratio of representative path length and curved fracture length 
𝑝𝑐 = capillary pressure 
𝑝𝑛𝑤 = non-wetting phase pressure 
𝑝𝑤 = wetting phase pressure 
𝜇𝑙 = fluid viscosity 
𝑆̅ = normalized wetting phase saturation 
𝑆𝑤 = wetting phase saturation 
𝑆𝑤𝑟 = residual wetting phase saturation 
𝑆𝑜𝑟 = residual non-wetting phase saturation 
𝑇 = transmissibility 
𝑤 = fracture cell width 
𝛼 = empirical parameter in Van Genuchten model 
𝛽𝑐 = unit conversion constant 
𝜙 =  porosity 
𝜎 =surface tension 
𝜃 =contact angle 
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